The object of this paper is to define a subcategory of the category of 3-cobordisms to which invariants of rational homology 3-spheres should generalize. We specify the notion of Topological Quantum Field Theory (in the sense of Atiyah [1] ) to this case, and prove two intersesting properties that these TQFTs always have. In the case of the LMO invariant these properties amount to saying that the TQFT is anomaly-free.
The categories Q ⊃ Z ⊃ L of semi-Lagrangian cobordisms
All maps and homeomorphisms in this paper are piecewise-linear, hence we will generally drop the term "PL". Denote by Γ g and call chain graph (terminology borrowed from [14] ) the abstract trivalent graph i -i ---. . . -i -with oriented edges as indicated. Label its subgraphs i -from 1 to g from left to right. For g = 1, set Γ 1 = i -, one oriented edge, no vertices. For g = 0, set Γ 0 = one point. of the two depicted pairs; the first set in any pair is always a subset of the second; the union of the first sets is Γ; and the union of the second sets is R. For Γ = Γ 0 we require R to be homeomorphic to D 2 and the point Γ 0 be the center of the disk.
Definition 1) A pair (Γ, R), consisting of an ordered disjoint union of chain graphs and an oriented surface with boundary, will be called a ribbon pair if it is the union of finitely many copies of the two

2) A surface R embedded in M , together with a subset Γ ⊂ R, such that (Γ, R) is a ribbon pair, and such that at any trivalent vertex, viewed as a point in M , the three tangent vectors to Γ coming from the three edges span a 2-plane, shall be called a ribbon graph neighbourhood of Γ ⊂ M , and G = (Γ, R)
will be called an embedded framed graph.
3) Two triplets (K, G 1 , G 2 ) and (L, H 1 , H 2 ), consisting each of a framed oriented link K (respectively L) in S 3 , and two disjoint (and disjoint from the corresponding link) embedded framed graphs are equivalent (notation ∼ =) if there is a PL-homeomorphism φ : S 3 → S 3 which preserves the link and the embedded framed graphs, i.e. φ sends K to L, the first embedded framed graph G 1 = (Γ 1 , R 1 ) to the first embedded framed graph H 1 = (∆ 1 , S 1 ), and the second G 2 = (Γ 2 , R 2 ) to the second one H 2 = (∆ 2 , S 2 ). Here ∅ is also considered a framed oriented link in S 3 . Call G 1 = (Γ 1 , R 1 ) the bottom, and G 2 = (Γ 2 , R 2 ) the top of the triplet.
Fix N g -a standard neighbourhood of Γ g in S 3 . Σ g = ∂N g ⊂ S 3 will be called the standard oriented surface of genus g. Let N g be the handlebody complement of N g in S 3 . We also denote by Γ g the core of N g . Clearly ∂N g = −Σ g . When g = 0, i.e. if Γ g is a point, N g is a ball. Call N g the standard handlebody, and N g the standard anti-handlebody of genus g.
Fix the g pairs of standard loops a i , b i , i = 1, . . . , g on Σ g as in figure 1b. Namely, a i 's bound disks in N g , the bounded component of R 3 − Σ g , while b i 's bound disks in N g . The embedded standard graph Γ g in R 3 ⊂ S 3 has a preferred (the blackboard) ribbon graph neighbourhood R g (with ∂R g ⊂ Σ g ). Hence we can construct its push along the framing transversal to the ribbon, a graph Γ g push ⊂ Σ g (together with a ribbon graph neighbourhood R g push ⊂ Σ g ). Namely, the oriented circle components of this graph coincide with the loops b i . Call Γ g push the standard b-graph. Similarly, the circle components of Γ g push are the loops a i . For "up-to-isotopy" pictures see figure 1 .
Σ or Σ i will generically denote a standard Σ g , or a disjoint union of these. For an oriented connected closed surface S, a parametrization of S is an orientation-preserving homeomorphism between a standard Σ and S.
Definition Let M be a compact oriented 3-manifold with boundary ∂M = (−S 1 ) ∪ S 2 , suppose also that parametrizations f 1 , f 2 of each S 1 , S 2 are fixed. We will call such (M, f 1 , f 2 ) a (parametrized) (2+1)-cobordism. S 1 will be called the bottom, S 2 -the top of the cobordism. The cobordisms (M, f 1 , f 2 ) and (N, h 1 , h 2 ) will be called equivalent (homeomorphic) if there is a PL-homeomorphism F : M → N sending bottom to bottom and top to top preserving the parametrizations, i.e. F • f i = h i , i = 1, 2. We will use ∼ = to denote equivalent cobordisms.
Using the parametrizations, we can glue the standard handlebody N g1 to the bottom and the standard 3-cobordisms with their rational homology on the boundary 3 anti-handlebody N g2 to the top of M . Denote the result M ∪ f1 N g1 ∪ −f2 (−N g2 ) by M and call it the filling of (M, f 1 , f 2 ).
Surgery description of gluing cobordisms
Let G denote set of equivalence classes of triplets (L, G 1 , G 2 ) in S 3 . Let C denote the set of equivalence classes of 3-cobordisms, with non-empty bottom and top. Proof. 1) The parametrizations are determined as follows. For i = 1, 2, let N i be the closure of a tubular neighbourhood of
In the last case the possible parametrization is unique up to isotopy.
Fix a preferred point x on each (open) upper half-circle of each Γ g . This determines a preferred point x ′ on each circle component of G 1 . The construction of N 1 produces a preferred disk in N 1 , centered at x ′ , with boundary in ∂N 1 . Orient the boundary curves so that they twist right-handedly with respect to the circle components of G 1 . Similarly, fix a preferred point y on each (open) lower half-circle of each Γ g and) construct an ordered system b of oriented curves foor for the handlebody N 2 . (We assume N 2 contains the point at infinity ∞ ∈ S 3 , hence we will refer to N 2 as the anti-handlebody.) Push G 1 along a framing transversal to R 1 to a graph on S 1 , call it the b-graph. Analogously, push G 2 along a framing transversal R 2 to a graph on S 2 , call it the a-graph.
If we cut-open S 1 along the b-graph and the system a, we get an oriented surface homeomorphic to D 2 . Define the parametrization of S 1 by sending the standard b-graph on Σ g1 to the b-graph on S 1 , and the system of loops a i on Σ g1 to the system a. Similarly for S 2 : both Σ − ({standard a − graph} ∪ {standard system b}) and S 2 − ({a − graph} ∪ {system b}) are homeomorphic as oriented surfaces to the oriented D 2 . Any two orientation-preserving homeomorphisms of D 2 are isotopic. Therefore the parametrization of S i is uniquely determined up to isotopy by G i = (Γ i , R i ). (Observe that different choices of transversal framings to the ribbons lead to isotopic b-graphs / a-graphs on S i ; different choices of the points x lead to isotopic systems a / b.)
In conclusion, κ of each triplet is well-defined as an equivalence class of 3-cobordisms. It is obvious that via the above construction equivalent triplets yield the same equivalence class of 3-cobordisms.
Moreover, in the above construction of parametrisations, the homeomorphism between the standard surface Σ and S extends to a homeomorphism between the standard handlebody / anti-handlebody and
2) Let M be the filling of a 3-cobordism (M, f 1 , f 2 ), Γ 1 , Γ 2 -the images in M of the cores and R 1 , R 2 -the images in M of the preferred ribbon graph neighbourhoods of the cores of the handlebody, respectively anti-handlebody of M . Since M is a closed 3-manifold, there is a banded (unoriented) link
Choose one such link L. Then there exist two disjoint framed graphs G i , i = 1, 2 in S 3 , also disjoint from the link L, such that their remains after surgery coincide (up to ambient isotopy) with the pairs (Γ i , R i ), i = 1, 2 in M . 
To visualize the above proof it is helpful to imagine the standard b-graph and system a (and respectively the standard a-graph and system b) cuting Σ g to a 2-disk. Strictly speaking the definitions of the b-graph and system a make sense if both g 1 , g 2 > 0. However we can add the remaining cases by making the following convention: if Γ i is a point, the b-graph/a-graph and the system a/b are to be considered the empty set. To draw a framed graph
we only need to draw the projection of Γ i on R 2 , which can be done in such a way that the preferred blackboard framing determines R i up to isotopy. Let us consider Σ g × I ⊂ S 3 . Σ g × {0} and Σ g × {1} are identified with two very near (isotopic) copies of the standard embedding Σ g ⊂ S 3 . (Σ g × I, p 1 , p 2 ) is a 3-cobordism, and its filling is homeomorphic to S 3 . The parametrizations of the bottom p 1 and top p 2 are the ones induced via the isotopies in S 3 between the standard Σ g and Σ g × {i} from the identity id : Σ g → Σ g ⊂ S 3 . To represent this 3-cobordism we choose framed graphs R 1 , R 2 as depicted in figure 2 (projections on R 2 ⊂ R 3 ⊂ S 3 ). Observe the consistency with 
Proposition 2 Let (M, f 1 , f 2 ) and (N, h 1 , h 2 ) be arbitrary 3-cobordisms with connected bottoms and tops. The following 3-cobordisms are equivalent:
Proof. Start with the right-hand-side. Using Kirby calculus, slide the handles of the surface S 1 along the upper components of the link L 0 . Then the lower components of L 0 bound disks, so the link can be canceled altogether. The two surfaces that remain are clearly isotopic, and the parametrizations are equivalent since both are images under isotopies of the identity parametrization of Σ g ⊂ S 3 . The equivalence thus follows. 
In figure 3 instead of the whole handles, we have represented only disks E k and E ′ k , whose neighbourhoods the handles are. Accordingly, L 0 ⊂ D g can be decomposed into three framed oriented tangles: an oriented framed tangle in the upper handles, the oriented tangle T g with the blackboard framing (see figure 4b) , and an oriented framed tangle in the lower handles. For g = 0, T 0 = ∅. 2 Indeed, isotope the image of (
L to avoid the union of surgery tori, a bounded nonseparating subset of S 3 L .
3-cobordisms with their rational homology on the boundary 
two 3-cobordisms with connected non-empty bottoms and tops. Let
where the ribbon neighbourhoods
in the two copies of S 3 . Hence, any triplet representing
) by extended (generalized) Kirby moves and changes of orientations of link components.
Proof. Let us first note that the result is obvious if the two cobordisms are glued along a 2-sphere. For the general case, first use proposition 1.
) to an equivalent 3-cobordism. Observe that gluing the standard handlebody N g to D g along p 1 produces a manifold homeomorphic to
2 to the bottom of the cobordism M 2 produces a manifold homeomorphic to the one obtained by gluing N g directly (along f 2 ). In fact this homeomorphism is identity outside a collar neighbourhood of the bottom of M 2 . Now, using the decomposition
is the same as first gluing D U on part of its boundary along the corresponding "restriction" of the map
Let us look at this glued 3-ball in the presentation of the filling M 2 as S Apply a similar procedure to the top of the 3-cobordism M 1 : we may thus assume that
N g is equivalent (and the respective homeomorphism is identity except in a collar neighbouhood of the top of M 1 ) to a cobordism decomposed along a 2-sphere into
N g , the later homeomorphic to a 3-ball; and that the corresponding triplet in S 3 has inside that 3-ball only a neighbouhood of the horizontal line of Γ
, that have to be glued along two 2-spheres. Observe that D M with the remaining tangle inside it is homeomorphic with B(0, 2) − B(0, 1) with tangle T g inside. Therefore (1.2), where all objects are as described in the statement, holds. 2
Q-and Z-cobordisms
For a chain graph Γ g embedded in S 3 , denote µ 1 , . . . , µ g the meridians of the upper half-circles, defined by the right-hand rule, just as the meridians of oriented link components are defined.
Proof. Either write down the exact homology sequence of the pair (S 3 , S 3 − Γ g ) between H 2 (S 3 , Z) = 0 and H 1 (S 3 , Z) = 0; or use Alexander duality; or write down the Mayer-Vietoris sequence (for the reduced homology) of the decomposition S 3 − Γ g = A ∪ B, where A is the complement in D 3 of the graph:
. . .
and B is some embedding of 
They imply:
Proof. We will prove this proposition for S 1 ≈ Σ g1 and S 2 ≈ Σ g2 , g 1 , g 2 ≥ 0. The general case is absolutely analogous.
∂N g2 is connected, and then the second isomorphism theorem, we obtain
. In a similar fashion M ∩N g1 = ∂N g1 is connected, and
, which proves (1) ⇐⇒ (2).
(1) =⇒ (3) We will give a geometric proof, naturally extending linking relations from the case of closed 3-manifolds [7] .
There is a link
Moreover, this link can be taken disjoint from the embedding Γ g1 ⊔ Γ g2 ֒→ S 3 , such that (identifying as before Γ g1 ⊔ Γ g2 with the remain after surgery on
by adding a 2-handle and a 3-handle for each component L. By proposition 4 (and the remark afterwords)
|L|+g1+g2 with generators µ 1 , . . . , µ |L|+g1+g2 , the right-handed oriented meridians of the link components K j , the upper-half-circles U j of Γ g1 , and the lower half-circles V j of Γ g2 . Therefore H 1 (M, Z) is a quotient of the former by |L| relations, one for each 2-handle. If the component K i of L has surgery coefficient (framing) l i and the preferred longitude λ i (i.e λ i has framing 0 in S 3 ), then the corresponding relation is l i µ i + λ i = 0. But λ i is the boundary of a Seifert surface F i in S 3 , punctured by the other components K j , j = i, U j and V j (clearly F i can be taken disjoint from two 3-balls, hence the intersection with Γ g1 − U j and Γ g1 − V j can be avoided). These intersections result in a surface F ′ i with additional boundary components homologous to ±µ j . Therefore
given by the
On the other side, adding a 2-handle (along the corresponding µ j ) for each component U j and V j , as well as a 3-handle for Γ g1 and 3-handle for Γ g2 , one obtains M . At the level of homology this adds precisely the relations µ j = 0 for j = |L| + 1, . . . , |L| + g 1 + g 2 . This means that H 1 ( M , Z) is a quotient of Z |L| through the image of the linear homomorphism B given in the µ-basis by the |L| × |L|-matrix 
. Therefore, when writing down the relations in H 1 (M, Z)
for the system of generators ν 1 , . . . , ν |L| , µ |L|+1 , . . . , µ |L|+g1+g2 , the generators ν j , j = 1, . . . , |L| can be eliminated, together with all relations, without adding any new relations. Hence H 1 (M, Z) ∼ = Z g1+g2 , freely generated by µ |L|+1 , . . . , µ |L|+g1+g2 . The statement (3) 
Proof. is identical to the proof of the previous proposition in every aspect, except that in the course of proving (1) =⇒ (3), H 1 ( M , Q) = 0 implies only that the matrix of B is invertible (over Q). The basis ν 1 , . . . , ν |L| is then over Q, i.e. it is a linear combination of µ 1 , . . . , µ |L| , but in general only with rational coefficients. Again, these ν-generators can be eliminated together with all relations. 2
Of cause, the conditions (3) in propositions 5 and 6 are equivalent. A 3-cobordism satisfying the equivalent conditions (1), (2) of Proposition 5 (respectively 6) will be called a Z-cobordism (respectively a Q-cobordism). In both definitions we have allowed one or both S i to be empty, although from the point of TQFT the case of empty top and/or bottom is indistinguished from the case when that component is S 2 . Proof. The proof of proposition 6 can be repeated for Z p . Hence rank H 1 (M, Z p ) = rank H 1 (M, Q) for all p for which H 1 ( M , Z p ) = 0, which implies that then p-torsion can not occur. In particular if M is a Z-cobordism, this is true for all p. Apply the structure theorem for finitely generated abelian groups. 2
In general (3) does not imply (1) in the statement of the above propositions. For example, let M be the manifold obtained from S 3 by excising one component of the Hopf link in S 3 and performing surgery on the other. Then (3) is true, while (1) is not. But, if we restrict to 3-cobordisms those equivalence class is in the category L below, then such phenomena are excluded a priori (Proposition 9).
For connected ∂M condition (2) clearly implies H * (M ; ∂M ) = 0. However, for example κ(∅, G, G ′ ) where G are G ′ are the components of the two-component unlink in S 3 , obviously satisfies (1), and hence (2), but fails to satisfy H * (M ; S i ) = 0, the second condition from the definition of an h-cobordism [12] .
Description of the categories
We will be interested in three categories, Q ⊃ Z ⊃ L, which we now describe. Objects in each of these are natural numbers. The morphisms between g 1 and g 2 are certain equivalence (homeomorphism) classes of connected 3-cobordisms with connected bottom S 1 of genus g 1 and connected top S 2 of genus g 2 . The composition-morphism is the equivalence class of the 3-cobordisms in (1.1). The equivalence classes of the cobordisms ([D g ] L0 , p 1 , p 2 ), g ≥ 0 play the rôle of identity in these categories.
Let us first describe some additional objects. Let L a , L b be the submodules of H 1 (Σ g , Z) generated by a i 's and b i 's respectively. Each is a Lagrangian submodule with respect to the algebraic intersection form ω on H 1 (Σ g , Z) . Suppose M is a Q-cobordism, with boundary ( 3) over Q is weaker than over Z.
, which is in the homology of the component S 2 , can be "moved" to the part L 1 of the homology of the component
Using the parametrizations of the boundary components, we can speak about the submodules
The morphisms in Z from g 1 to g 2 are equivalence classes of Z-cobordisms with boundary (−S 1 ) ∪ S 2 such that g(
Such Z-cobordisms will be called semi-Lagrangian. An absolutely similar construction works for Q, just replace Z by Q.
Example In general condition (1.3) over Z is stronger than (1.3) over Q. Let (M, f 1 , f 2 ) be a representative of the equivalence class of 3-cobordisms obtained by applying κ to the triplet ( figure 6 . Let a, b, µ 1 , µ 2 be the corresponding meridians. Then H 1 (M, Z) is the abelian group with the classes of these as generators, and relations µ 1 + µ 2 + a = 0 and −3µ 2 + µ 1 − a = 0. They imply that 2(µ 1 − µ 2 ) = 0, i.e.
2 are generated respectively by 1 element each, the classes of respectively a, L, U, b. Note that L is homologous to Example Condition (1.3) may hold with strict inclusion. Consider κ(∅, G, G ′ ), where G is the braidclosure of a generator of the braid group B 2 , and G ′ is the braid axis (in S 3 ). In the case of integer homology both condition in (1.3) are strict, as it is easy to check. This example also shows that 3-cobordisms representing elements of the category Z do not necessarily satisfy H * (M ; S i ) = 0. (They are both ∼ = Z 2 in this example.) It is not hard to see that if a homology-cobordism triad (M, S 1 , S 2 ) is enhanced with parametrizations such that we get a Q-cobordism, then the second condition from the definition of an h-cobordism [12] implies (1.3), and in fact with equalities. Hence, if we restrict Q-cobordism, requiring (1.3) contains all homology-cobordisms, and more.
Proposition 8 The composition of two morphisms (say, class of M and class of N ) in category Q (resp. Z) is again a morphism in the category Q (resp. Z), i.e. Q and Z are categories.
Proof. The fact that both M, N represent Q-cobordism (respectively Z-cobordism) means (by propositions 5 and 6) that all 1-dimensional homology (over Q, respectively over Z) in M can be considered as in the boundary. So when we glue M with N along a surface S, the 1-dimensional homology is either in the top component of N , in the bottom component of M , or in the "middle" surface S. But now, by condition (1.3), all the cycles of type L a in S can be moved down to the bottom, and all the cycles of type L b can be moved up to the top. So the 1-dimensional homology is still sitting on the boundary. Since for any 3-cobordism (M,
The morphisms in the category L we define to be the equivalence classes of 3-cobordisms of the form (M = Σ g × I, f, f ′ ), where f, f ′ ∈ Aut(Σ g ), which are in Q. The following proposition shows that Q∩L = Z∩L, hence to require the equivalence class of (Σ g ×[0, 1], f, f ′ ) to be a morphism in category Q or Z is equivalent. Clearly, in L there are no morphisms between non-equal natural numbers. Recall that we use the following notation for the indices 1,2 and (1) the equivalence class of
In particular, M is a Z-homology sphere.
we can see that condition (2) already ensures that M is a Z-cobordism. Hence (2) =⇒ (1).
(1) =⇒ (2). Since w is a homeomorphism, w * is an automorphism, hence by (1.3) w * has to be an automorphism over
, and as a Z-submodule of a free module, w * (L a ) must be free. Using this and the fact that
Suppose a closed 3-manifold is the result of gluing a standard handlebody N g to the standard antihandlebody N g along a homeomorphism w of the standard surface Σ g , whose action on the homology (in   the a 1 , . . . , a g , b 1 
Corollary 10 The composition of two cobordisms
(Σ g × I, f 1 × 0, f ′ 1 × 1) ∼ = (Σ g × I, w 1 × 0, id × 1) and (Σ g ×I, f 2 ×0, f ′ 2 ×1) ∼ = (Σ g ×I, w 2 ×0, id×1) along (f 2 ×0)•((f ′ 1 ) −1 ×1) (respectively (w 2 ×0)•(id×1) −1 ) is the 3-cobordism (Σ g × I, f 2 • (f ′ 1 ) −1 • f 1 × 0, f ′ 2 × 1) ∼ = (Σ g × I, (f ′ 2 ) −1 • f 2 • (f ′ 1 ) −1 • f 1 × 0, id × 1) ∼ = (Σ g × I, (w 2 • w 1 ) × 0, id × 1∈ Aut(Σ g ) such that w * (L a ) = L a and w * (L b ) = L b (over Q or over Z,
is equivalent by the previous proposition), and call it the Lagrangian subgroup of the MCG.
TQFTs based on Q induce representations of L g . This subgroup of M CG(g) is big enough to be interesting, it contains the Torelli group. In fact its image under the action on homology is the group of matrices of the form
, where A ∈ GL(g, Z). This subgroup of Sp(2g, Z) is not normal.
3-cobordisms with their rational homology on the boundary
Proposition 9 above also shows that within this particular type (M = Σ g × I and w ∈ L g ), statement (3) from propositions 5 and 6 implies statement (1).
Remark. Let λ denote the Casson invariant of homology 3-spheres. By fixing the standard handlebody of genus g in R 3 ⊂ S 3 we fixed a Heegaard homeomorphism that Morita [13] calls ι g , and by taking the filling (Σ g × I, ϕ, id) we obtain a manifold denoted by Morita W ϕ . Every ϕ is a composition of Dehn twists τ ±1 γ . Using Proposition 2, we can "insert" [D g ] L0 between every two twists, or put it another way, express (Σ g × I, ϕ, id) as a composition cobordisms (Σ g × I, τ ±1 γ , id). Every twist can be replaced with ±1-surgery on a knot K i . Hence we obtain W ϕ as surgery on the link L = K 1 ∪. . .∪K n ∪L 01 ∪. . . ∪L 0n−1 , such that if one removes L 0 's, then the remaining K 1 ∪ . . . ∪ K n is split. If ϕ ∈ K g , the kernel of the Johnson homomorphisms, then it is a composition of Dehn twists τ Remark. Let C ∅ denote the set of connected 3-cobordisms with empty bottom and connected top.
5 , we can remove a tubular neighbourhood of the horizontal line of G 1 (= a ball in S 3 ), respectively of G 2 , and glue the two "boxes" as in figure 7 , from left to right, afterwards filling back in the standard way a horizontal line. Denote the result by (L 1 ∪ L 2 , G 1 • G 2 ), and define:
Observe that the new 3-cobordism does not depend on the choice of pairs (L i , G i ). In the case of g = 0,
• is the connected sum, i.e. this operation is another way (alternative to composition of cobordisms) of generalizing the connected sum. Note that (
In particular the sets C ∅ ∩ {Z−cobordism} and C ∅ ∩ {Q−cobordism} are closed under •. However, the Kontsevich-LMO invariant of 3-cobordisms [3, 14] is not multiplicative with respect to •, except in some paricular cases.
Remark. One can consider a slightly modified version of the category Q, where the objects are connected parametrized surfaces (instead of natural numbers) and morphisms are certain classical (i.e. not parametrized) 3-cobordisms. Our choice here was motivated by our main example of TQFT (LMO), where Q gives the simpliest formulations. In the next section one can replace it by a "Q-like category" instead.
2 TQFTs for the categories Q ⊃ Z ⊃ L Define a TQFT (T , τ ) based on the cobordism category Q (or a subcategory of it, or a Q-like category) to be 1) a covariant functor T from the category those objects are the objects of Q (i.e. natural numbers) and morphisms are the homeomorphisms of parametrized surfaces to a subcategory V K of the category of K-modules, such that T (0 ) = K , where K is a commutative module with a conjugation operation; and 2) a map τ that associates to each 3-cobordism (M,
, satisfying the following axioms:
2 ) are two 3-cobordisms, and f : M 1 → M 2 is a homeomorphism of 3-cobordisms, preserving the parametrizations, then the following diagram is commutative:
is the gluing homeomorphism, and denote 
We can not require multiplicativity or self-duality since in the category Q all cobordisms are connected. Conditions (A1-A3) say that τ : Q → A is a pseudo-functor. τ would is a true functor when there is no anomaly. If the set of τ (M, S 2 , Σ)'s, spans (in the closure for infinite-dimensional modules) T (Σ ), the TQFT is called non-degenerate.
The behavior of the signature and the determinant
, the later triplet obtained from the previous two by the construction described in Proposition 3. Denote σ 
by ±1, then so does it to σ + , and hence σ Let (L, G, G ′ ) be a triplet and
Recall that (see Proposition 5) we can talk about linking number between a link component K and a circle U of a chain graph, as well as between two circles U and V of chain graphs: lk(K, U ) = lk(U, K) = the linking number between K and the knot obtained from the graph by deleting all but the circle component U ; and similarly for lk(U, V ). We can then define the linking matrix of a triplet:
where A, D, F are symmetric matrices. Let µ be the column-vector consisting of the meridians of L, m the column-vector of the meridians of G, and m ′ be the column-vector of the meridians of G ′ . Then H 1 (M, Z) is the Z-module generated by the elements of µ, m, m ′ with |L| relations -the elements of the column-vector
(This equality of column-vectors with entries in Z 1 det A has to be read over Z, i.e. to mean that multiplying an entry on the left with the denominator of the corresponding entry on the right gives the numerator on the right side.) Hence the semi-Lagrangian conditions can be expressed
(for Q-cobordisms this in particular means that the entries on the left-hand side, a priori in Z 1 det A , must be in Z), and for Q-cobordisms additionally:
We will need the following elementary
Lemma 12
The signature of a symmetric 2g × 2g-matrix A −I −I 0 with integer, respectively real entries is (g, g). The determinant of such a matrix is (−1)
With these notations, Proposition 3 and (2.2) imply that the linking matrix lk(
With the same notations: 
Proof. By the classification of quadratic forms with real coefficients there exist matrices X ∈ SL(|L 1 |, R), Y ∈ SL(|L 2 |, R) such that XAX T and Y CY T are diagonal. Since A and C are symmetric, so are
The later matrix, by Lemma 12, has signature (g, g) and determinant (−1) g . Therefore the signature of the matrix (2.4) is (σ
). Since all conjugations above where by matrices of determinant ±1, the determinant of the original matrix (2.4) remained unchanged, i.e. we also have the relation (2.5).
2
As immediate consequences we obtain the two central results of this paper: 
Consequences
Set T (f | Σ ) = id T (g) for any homeomorphism f of the parametrized surfaces. Then T is a covariant functor, and the naturality axiom (A1) is obvious.
Basic example. Let N be an arbitrary integer, and τ (L) ∈ K * an invariant of framed links, also invariant under the second Kirby move, and under changing orientation of link components. It is obvious that, if the linking matrix of L is non-singular and has signature (σ + , σ − ), and M ≡ S 
σ − is an invariant of rational homology 3-spheres.
Assume the link invariant has two additional properties:
for any link L, g ∈ N, and link L 1 ∪ L 0 ∪ L 2 obtained from L 1 and L 2 as follows: add arbitrary g components to L i , and join the two links along the g additional componenets, preliminary inserting the tangle T g ( figure 4b ) in between. The second property generalizes multiplicativity under connected sum. The firs property implies that τ (−M ) = τ (M ). Let T (g), g ≥ 1 be the K-vector space freely generated by homeomorphism classes of semi-Lagrangian Q-cobordims of the form (P, s, h), s ∪ h : Σ 0 ∪ Σ g If we replace T (0 ) by its image through proj, the above data defines a non-degenerate anomaly-free TQFT on Q.
Of cause, given a specific τ , one should define T (g), τ (M, f, f ′ ), the composition and conjugation in a way directly related to τ of links. Non-degeneracy should also be addressed in τ -spceific terms. In [3] we use the results of this paper to construct a TQFT for the Le-Murakami-Ohtsuki invariant of QHS, as well as for its degree truncations.
Remark. Throughout this paper we have taken oriented chain graphs. This is motivated by the fact that for our main example (LMO) absence of orientation would induce unjustified complications. However for the correspondence in Proposition 1 here it sufices to consider banded (rather than framed) graphs with a specification of g meridional disks for its circle components (which would replace our notion of "horizontal line").
The TQFTs based on Q, when restricted to L produce linear representations L g → GL K (T (g)). The group L g has not been studied before, no set of relations 6 is known. Even, if we restrict to Torelli group, although a finite set of generators for T g is well-known [9] , existance of a finite presentation is an open problem.
